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List of topics
Computability in mathematics

Computability in logic

• Give an introductory talk to mathematical model theory, related to deci-
sion problems. Discuss quantifier elimination and its use in decidability of
theories, following f.e. [12]. A good general introduction to formulas and
quantifier elimination is [18].

• Presburger Arithmetic is the theory, i.e. set of valid formulas, of the
natural numbers with only addition. It is decidable, meaning there is
an algorithm that given a formula of Presburger arithmetic can decide
whether it holds or not. Give an introduction on formulas, quantifier
elimination and other methods involved and prove the result. The original
article by Presburger has been nicely summarized in [17].

• The Tarski-Seidenberg theorem states that the theory of real closed fields
is decidable. In particular, R together with +, ·, 0, 1 is such a field. Define
semi-algebraic sets, real closed fields, and prove the theorem following [14].
If time permits, you may discuss the algorithms used to decide formulas
over R in practice.

• Hilbert’s Tenth Problem is the question whether there exists an algorithm
that can decide whether a polynomial equation with integer coefficients
has an integer solution. This has been answered negatively in the 1970s.
Define diophantine equations, formalise the problem and present the neg-
ative answer. Possibly present the ideas of the proof. Then choose some
applications, f.e. 6.2 in [6] and give examples of reductions to the problem.

Computability in algebra

• The word problem for groups asks to provide, given a finite set of genera-
tors of a group, for a way of determining which products of these generators
give the identity element of the group. When Max Dehn introduced this
problem in 1911, he in fact believed it to be solvable. Prove unsolvability
of the word problem for finitely presented groups. State of the problem:
define group presentations. Present the main required tools: HNN ex-
tensions. Then detail the embedding of a Turing Machine in a finitely
presented group, following [13]. (And possibly [5].)

• Present some results on global decision problems for finitely presented
groups. Present both negative and positive results: the Adian-Rabin the-
orem, unsolvability of the uniform word problem, but quote solvability
of the isomorphism problem for nilpotent groups or hyperbolic groups.
Follow [8].
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• Present a proof of solvability of the subgroup membership problem for free
groups. A possible tool is Nielsen reductions, see [5]. Modern methods
use Stallings foldings and might also be presented, see [4]. Present also
the Mihailova subgroup, which shows that this result does not extend to
direct products of free groups: see [7].

Computability in analysis

• A real x is called computable if there exists a Turing machine that on
input a natural number n can produce a rational which approximates
x within 2−n. Present the computable field of computable reals. De-
tail Turing’s 1937 mistake, with 1938 correction ([19, 20]), on the correct
definition of computable reals. Present a continuity theorem (Kreisel-
Lacombe-Schoenfield, Ceitin or Moschovakis.) Use [2] and [11].

• The modern version of computable analysis relies on computation with
oracles. A space is equipped with a representation if its elements can be
described by sequences in NN. Oracle Turing machines allow to compute
with these. Present the bases of modern computable analysis. Define
represented spaces, Weihrauch reducibility, the Weihrauch lattice. Present
a few problems that can be classified. Use [2] and [1].

Other topics in computability

• Depending on what was touched upon in the course, various more ad-
vanced topics purely related to computability can be presented, based on
[16]. For instance, it should be possible to present an example of the pri-
ority method and Friedberg’s solution to Post’s problem. Or to present
the construction of Low degrees in special Π0

1 classes.

• Suppose a company sells a new machine claimed to produce ”perfect quan-
tum randomness”. It is a black box which prints a sequence of zeros or
ones on its screen. You buy it, turn it on, and get a sequence of a hundred
ones in a row. ”I was cheated!”, say you. ”But, answers the seller, this
sequence was just as likely to come out as any other sequence of a hun-
dred zeros and ones, the probability is exactly 2−n. Thus your complaint
is irrelevant.” To be able to contradict him, present an introduction to
Kolmogorov complexity, following [15].

• A linear recurrence sequence is a recursively defined sequence where each
element depends linearly on a fixed number of its direct predecessors. The
most widely known such sequence is the Fibonacci sequence. There are a
variety of questions that can be asked, for example given the coefficients
for such a linear dependency, is it decidable whether the sequence attains
a negative value at some point? Explain linearly recurring sequences and
give a survey of interesting questions and already known results. A good
place to start is the article [9].

• The matrix mortality problem asks whether a given finite set of matrices
can be combined through matrix multiplication to form the zero matrix.
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Different decidability results are known on such questions, for example it
is known that the general case of 3x3 matrices is undecidable [10]. Either
give a talk on the proof of this fact, or give a general introduction on the
topic and list known results. A survey of the area can be found in [3].
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